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ABSTRACT 

In  this  paper,  we  design  controller  that  combines  an 
observer  and  a  control  to  handle  systems  subject  to 
actuator  or  sensor  degradation  (including  complete 
failure).  The  observer  contains  a  pre-filter,  an  adaptive 
law,  and  a  modified  Luenberger  observer  that  achieves 
estimation  of  system  state  and  estimation  of  conditions 
of  actuator  or  sensor.  We  have  shown  that  if  a  set  of 
differential  Riccati  inequatities  (DRI)  is  satisfied  then 
the  system  can  be  stabilized  under  actuator  degrad¬ 
ation.  While  in  sensor  degradation  case  if  an  Algebraci 
Riccati  inequality  (ARI)  and  a  DRI  are  satisfied  then 
the  system  is  stabilized. 

Keywords — Algebraic  Riccati  Inequality  (ARI); 
Differential  Riccati  Inequaity  (DRI);  Linear  Matrix 
Inequality  (LMI);  Differential  Linear  Matrix 
Inequalities  (DLMI);  Degradation. 

I.  Introduction 

Reliable  control  has  been  studied  with  one  major 
assumption  that  the  degradation  of  actuator  or  sensor 
is  a  priori,  see  for  example  [2],  [4],  [5],  and  [6].  We 
know  that  in  some  system  this  is  not  always  the  case, 
for  example  sensor  and  actuator  array  systems.  In  this 
paper  we  design  an  observer-based  control  system  in 
which  the  function  of  observer  has  been  extended  not 
only  performs  system  state  estimation  but,  more 
importantly,  estimates  degraded  condition  of  actuator 
or  sensor.  It  is  this  idea  that  builds  the  observer  that 
has  three  components:  a  pre-filter,  an  adaptive  law, 


and  a  modified  Luenberger  observer.  The  pre-filter 
provides  a  filtered  information  from  sensor  output  that 
is  used  for  adaptive  law  to  compute  (or  monitor)  the 
condition  of  actuator  or  sensor.  The  modified  Luen¬ 
berger  observer  then  gives  an  estimate  of  system  state. 
Lastly,  a  control  gain  that  is  computed  to  com-pensate 
the  actuator  or  sensor  degradation  according  to  the 
degraded  information  of  actuator  or  sensor  and  system 
state  from  observer. 

In  the  case  of  sensor  degradation,  the  computation  of 
control  gain  is  straightforward  once  we  had  the  esti¬ 
mation  system  state  from  modified  Luenberger  obser¬ 
ver.  However,  in  the  presence  of  actuator  degradation 
the  design  of  control  gain  must  compensate  degraded 
actuator,  which  complicates  the  design.  We  have 
shown  that  if  a  set  of  DRI  is  satisfied,  then  the  system 
can  be  stabilized  in  the  actuator  case.  While  in  sensor 
case  we  need  to  satisfy  an  ARI  and  a  DRI  to  stabilize 
the  system.  Block  diagram  in  Figure  1  shows  structure 
of  the  designed  system. 

Note  that  we  use  diaglfft ))  to  represent  a  diagonal 
matrix  with  its  element  ^i,  ip,  ....,  and  the 
dimension  is  determined  by  its  contents,  i.e., 


diag(ift))  = 


Si(0 

0 

0 

0 


0 

^(0 

0 

0 


0 

0 

0 


0 

0 

0 

U  0. 


II.  Study  of  Sensor  Degradation 


Consider  the  following  system 
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x(t )  =  Ax(t)  +  Bu(t) 

y(t)  =  Cx(t )  (1) 

y,(t)  =  diag(§(t))y(t) 

where  the  x(t)  e  7?"  represents  the  control  input,  y(t)  e 
7?v  is  the  system  output,  and  ys{t)  e  /?'  is  the  true  signal 
output  of  the  system  from  sensors.  The  diagonal 
element  of  diag($(t)),  <\>k(t)  e  R,  k  =  1,  ...,  v,  is  to 
represent  the  remaining  function  of  the  associated 
sensor.  For  example,  if  an  sensor  <j>*  =  0.80,  then  we 
say  the  sensor  has  80%  functioning.  u(t)  e  Rm  is  the 
control  signals  that  will  be  fed  into  the  actuators  with 
observed  state  (x(t))  as  the  feedback  signals,  i.e. 

u(t )  =  Kx(t)  (2) 

with  K  the  feedback  gain. 


Observer 


Figure  1  Block  diagram  of  system  structure 
We  now  consider  a  state  observer  of  following  form: 

x(t )  =  Ax(t )  +  Bu(t)  +  L(ys(t )  -  diag{§{t))Cx{t)) 

(3) 

y(t)  =  Cx(t) 

where  x(t)  e  Rn  is  the  state  of  observer,  L  is  the 
observer  gain  to  be  designed,  y{t )  e  Rv  is  an 
estimation  of  y{t)  and  the  true  sensor  output  ys(t)  is 

estimated  by  (diag($))y(t)  .  The  construction  of 


The  properties  addressed  above  have  the  following 
interpretations: 

(1)  (jnf/)  =  0  means  the  actuator  fails.  <j)/<(/)  =  1  means 
the  actuator  works  properly.  A  degraded  actuator 
will  be  0  <  (j)yt(i)  <  1 . 

lim  ^6  )  _  0  means  that  the  degradation  is  a 

Af->0  At 

piecewise  constant  process.  Under  the  process  we 
allow  <j) /.-(/)  to  have  jumps  toward  zero. 

We  now  state  the  observer  and  controller  problem  for 
the  sensor  degradation  case  as  follows. 

Problem  1  Consider  the  system  (1)  with  controller 

(2)  and  observer(3).  Find,  if  possible,  the  controller 
and  observer  which  comprises  of  a  pre-filter,  an 

adaptive  law  for  <j >(t)  ,  and  a  state  observer  of  x{t) 

with  gain  L  such  that 

(A)  (j>(7)  is  an  estimate  of  cj)(0  and  |<j)(f)  -  §(t) ||  is 
bounded  (which  will  always  be  the  case  if 
0  <  (j^. (t)  <  1  since  0  <  (j),. (t)  <  1  for  all  k=  1,  ..., 
v). 

(B)  x{t)  converges  to  x(t),  i.e.  lim(x(t)  -  x(t))  =  0  . 

t—>  OO 

(C)  The  state  observer  is  asymptotically  stable. 

(D) The  controller  u(t)  =  Kx(t)  is  such  that  the 
closed-loop  system  with  observer  achieving  (A), 
(B),  and  (C)  is  asymptotically  stable. 

Theorem  2  Problem  1  has  a  solution,  if  there  exist 
a  pre-filter  (or  error  filter) 


<j)(t)  is  such  that  (j)(f)  is  estimated. 

In  here  a  class  of  sensor  degradation  functions 
will  be  defined.  Consider  (ju(f)  for  all  k  =  1,2,  ...,  v. 
We  require  4>*(0  satisfy  the  following  properties: 

(1)  <K0  e  [0,  1]. 

(2)  lim  A^(?/)  =0  where  A =  <!>*(*/ +  A*) - 4>*&)  » 

Ar-»0  At 

except  at  some  time  instance  that  cj )k(t)  jumps 
toward  zero. 


x  =  Ax  +  Lys  -  L(diag($))Cx  (4) 


an  adaptive  law 


F  (diag(y))T  LT  Qx  \/§(t)eD 

YW§(t)  +  T{diag{y))T LT Qx  V<j>(t)  e  D 


(5) 


where 

,  D  =|$(/) 

Xv  and  -CTv  are  the  maximum  eigenvalues  of 
WTS1W>0  and  -  W  -  WT  +  S  <  0 , 
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respectively,  for  some  positive  definite  symmetric 
matrices  W  and  S. 
a  state  observer 

x(t )  =  Ax(t )  +  Bii(t)  +  L(ys  ( t )  -  diag{§(t))Cx(t))  (6) 
and  a  controller 

u(t)  =  Kx(t ) 

such  that  the  following  conditions  are  achieved, 

(1)  The  matrices  P  and  K  satisfying 

P  =  P  >0  (y) 

( A  +  BK) T  P  +  P(  A  +  BK)  <  0 


x(t)  =  Ax(t)  +  Bu(t)  +  L(y(t)  -  Cx{t))  (11) 

where  x{t )  is  the  estimated  state,  L  is  the  observer 
gain  to  be  designed,  and  u(t)  has  the  fonn: 

u(t)  =  (diag(i(t))uc(t )  (12) 

where  the  \{t)  is  the  estimate  of  cf/) . 

Define  the  error  x(t)  =  x{t)  -  x{t)  then  we  have 

x  =  (A-  LC)x  +  B(diag(t,))uc  (13) 

where  diag(^(t))  =  diag(t(t))  -  diag(t(t)) 


(2)  The  matrices  Q,  and  L  satisfying 
Q  =  Qt  >  0 

;  ~  (8) 
Q  +  (A  -  L(diag((j>))C)r  Q  +  Q(A  -  L(diag(§))C)  <  0 

Proof.  See  Appendix  A  for  proof. 

Remark  3  From  (7)  and  (8),  it  is  obvious  that  the 
computation  for  K  and  L  is  independent.  The  computa¬ 
tion  for  K  is  straightforward  by  transforming  to  LMI 
[1],  [3].  Likewise  by  transforming  (8)  from  DRI  to 
differential  linear  matrix  inequalities  (DLMIs)  the 
solution  method  developed  in  [7]  can  be  employed. 

III.  Study  of  Actuator  Degradation 

Consider  the  following  system 


The  class  of  actuator  degradation  functions  is  defined 
in  the  same  similar  way  as  we  have  defined  for  sensor 
degradation  function  (j)(f),  which  we  will  not  address 
here.  We  state  the  control  problem  for  the  actuator 
degradation  as  follows. 

Problem  4  Consider  the  system  (9)  with  controller  (10) 
and  state  observer  (11).  Find,  if  possible,  the  controller 
with  gain  K  and  observer  which  comprises  a  pre-filter, 
an  adaptive  law  for  |(t) ,  and  a  state  observer  of  x(t) 
with  gain  L  such  that 


(A)  |(t)  is  an  estimate  of  L,(t)  and  |(t)  -  Eft) 


is 


bounded  (which  will  always  be  the  case  if 
0 <  4* (0 ^  1  since  0<^(f)^l  for  all  A:  =1,  ..., 
m). 


x{t)  =  Ax(t)  +  B(diag(L(t)))u  At) 

(9) 

y(t)  =  Cx(t ) 

where  the  x{t)  e  R"  is  the  state  and  y{t)  e  Rv  is  the 
output  of  the  system.  diag(L,(t ))  with  its  diagonal 
element  'tk(t)  e  R,  k  =  1,  ...,  m,  represents  the  remain¬ 
ing  function  of  the  associated  actuator.  uc{t)  e  R,n  is 
the  computed  control  signals  that  will  be  fed  into  the 
actuators  with  observed  state  ( x(t ))  as  the  feedback 
signals,  i.e. 

uc(t)  =  Kx(t)  (10) 

with  uc(t)  =  \u l  «2  ■— umf  and  if  the  feedback  gain. 
We  consider  a  state  observer  of  following  form: 


(B)  x(t)  converges  to  x,  i.e.  lim(x  -  x)  =  0  . 

(C) The  state  observer  is  asymptotically  stable,  i.e. 
cr(A  -  LC )  c  CT . 

(D) The  controller  uc(t)  =  Kx{t)  is  such  that  the 
closed-loop  system  with  observer  achieving  (A), 
(B),  and  (C)  is  asymptotically  stable. 

Theorem  5  Problem  4  has  solution  if  there  exist 
a  pre-filter  (or  e/ filter) 

ef{t)  =  {A-LC)ef(t)  +  G(Cx(t)-y(t))  (14) 

an  adaptive  law 

-T(diag(uc))r  BTQef  v|(t)eD 

-rwi(t)-Y(diag(uc))TBTQef  (15) 

where 
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kt) 

2  /  Km\ 

'Q+(  A-LCf  Q+Q(  A-LC? 

l 

°m  J 

[  +  c(KtK+F)  ) 

-CtGtH 


D=U(t) 


S(t) 


2  A,  m 


> 


fH+(A-LC)TH+H(A-LC)^~l 


~(H+Q)BBt(H+Q) 
V  a 


HGC<  0 


hn  and  -<jm  are  the  maximum  eigenvalues  of 
WTS~1W>  0  and  -W -WT  +  S  <  0 ,  respectively,  for 
some  positive  definite  symmetric  matrices  W  and  S. 
a  state  observer 

x(t)  =  Ax(t )  +  B(diag(^{t))uc  (?)  +  L(y(t)  -  Cx{t))  (16) 

and  a  controller 


uc{t)  =  Kx{t)  (17) 

such  that  the  following  conditions  are  achieved. 

(1)  The  matrices  P,  K  and  a  scalar  y  >  0  satisfying 


P-P  >0 

P  +  (A  +  B(diag(l ))K  )TP  +  P(A  +  B(diag( |  ))K ) 

+  cKtK  +  ^PBBtP<  0 


(18) 


for  c  >  0  and  b  >  0  that  are  picked  by  the  designer. 

(2)  The  matrices  Q,  and  L  satisfying 


Q  =  Qt  >0 

Q  +  (A-LC)TQ  +  Q(A-LC)  +  y(cKTK  +  F)<0 
for  a  given  K,  and 


(19) 


F  =  — 


f  PB(diag(i))K^ 
+  cKtK 


(  \~x 
(A  +  B(diag(Q)K)T  P 

+  P{A  +  B(diag(i))K ) 

+  cKTK  +  ?-PBBrP 


PB(diag(i))K 
y+cKTK  , 


(3)  Verify  that  there  exists  H  satisfying 


H  =  H‘  >0 


H  +  (  A-LCf  H  +  H(  A-LC) 

+  -(H  +  Q)BBT(H  +  Q)<  0 
a 


(20) 


given  Q,  L,  and  scalar  a  =  c-b>  0  and  c  =  yc  . 

(4)  The  matrix  G  is  such  that 


holds  for  a  pick  matrix  G  and  G  =  pG  ,  find  p  >  0 
satisfying 

p2a-p>0  (21) 

where 

V  =  eigmJQ  +  (A-LC)TQ+Q(A-LC)  +  y(cKrK  +  F )] 


'  H  +  (A-LC)t  H  +  H{A-LC) 

-1 

p 

ii 

to 

f 

ctgtht 

+  -{H  +  Q)BB\H  +  Q) 

\  a  J 

HGC 

Note  that  such  the  p  always  exists. 

Proof.  See  Appendix  B  for  proof. 

Remark  6 

(1)  It  is  obvious  that  the  computation  of  L  in  (19)  is 
not  independent  of  (18).  However,  the  computa¬ 
tion  of  (18)  can  actually  be  made  alone.  The 
technique  to  solve  (18)  can  be  found  in  [3],  which 
is  similar  to  the  solution  for  (8)  in  Theorem  2. 
Once  we  had  the  matrices  P  and  K,  the 
computation  for  (T9),  (20),  and  (21)  may  be 
straightforward  by  following  the  similar  procedure. 

(2)  We  note  that  to  deal  with  actuator  degradation  is 
much  more  complex  than  the  sensor  degradation 
case.  This  may  be  due  to  that  in  sensor  degradation 
case  we  receive  the  degraded  information  of 
sensor  directly,  while  in  actuator  degradation  we 
have  only  a  filtered  version  of  information.  Thus 
to  take  care  of  this  information  discrepancy  the 
pre-filter  is  designed  in  such  a  way  that  the 
discrepancy  can  be  asymptotically  demolished  and 
thus  the  system  is  stabilized.  This  detail  is  seen  in 
the  proof. 

IV.  Conclusion 

In  this  paper,  we  present  an  observer-based  design  to 

handle  actuator  or  sensor  degradation.  The  observer 
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contains  a  pre-filter,  an  adaptive  law,  and  a  modified 
Luenberger  observer  that  achieves  estimation  of 
system  state  and  the  estimation  of  conditions  of 
actuator  or  sensor.  We  have  shown  that  if  a  set  of 
differential  Riccati  inequatities  (DRI)  is  satisfied  then 
the  system  can  be  stabilized  under  actuator  degrad¬ 
ation.  While  in  sensor  degradation  case  an  Algebraci 
Riccati  inequality  (ARI)  and  a  DRI  must  be  satisfied 
to  stabilize  the  system. 

Appendix  A 

Proof. 

Consider  the  system  (1)  with  sensor  degradation, 
observer  (3),  and  control  signal  in  (2). 

Let  error  be  x  =x-x,  thus  (1)  can  be  rewritten  as 

x  =  (A  +  BK)x  +  BKx  (A.l) 

The  error  x(t)  is  given  as 

x  =  Ax  +  L(diag($))y  -  L(diag($))Cx 

=  (A  -  L(diag(<\>))C)x  -  L(diag(<\>))Cx  (A-2) 

where  diag(^)  =  diag(p>)  -  diag(<\>) . 


The  usual  Lyapunov  stability  theory  cannot  be  used 
due  to  the  assumption  that  the  sensor  is  subject  to 
piecewise  constant  function.  An  extension  of 
Lyapunov  stability  has  been  proved  [3],  [8]  to 
guarantee  the  asymptotic  stability  of  the  system.  By  [8] 
we  need  to  prove  that,  by  defining  a  positive  definite 
function,  the  sum  of  all  increments  of  the  positive 
definite  function  for  all  jump  instance  is  bounded  and 
the  derivative  of  the  function  is  always  less  than  zero 
(not  at  jumps).  We  define  a  positive  definite 
quadratic  function  as 

(A. 3) 

V  =  xTQx  +  xT (yP)x  +  <(»  L_1(|> 


for  positive  definite  symmetric  matrices  Q,  P,  and  r 
and  a  scalar  y  >  0. 

It  can  be  shown  that  the  total  increment  of  function  V 
of  (A. 3)  for  all  jump  instance  is  bounded  above,  see  [3] 
for  detail.  The  derivative  of  V  is  given 


V  = 


x1  Qx  +  x1  Qx  +  xT  Qx  +  x‘  (yP)x 
+  xT(  yP)x  +  xT  (  yP  )x 

{  +  0Tr-l(<j>-<j>)  +  (cj>-<t>yr-'<t>  ) 


(A.  4) 


Substituting  (A.l)  and  (A. 2)  into  (A.4),  we  have 


v  = 


(jQ  +  (A-L(diag(j>))C)TQ\„ 

X  X 

\  +  Q(A-L(diag(<j>))C)  ) 

+  xT{yP  +  y(  A  +  BK )T P  +  yP(  A  +  BK ))x 

+  xT  yP  BKx  +  xTyKTBTPx 

-(Cx)T ( diag(  <j>  ))T LT Qx  -  xQL( diag( </>  ))Cx 


+  rpT  r~' (4 -<!>)+(  <j>  -  <t>)T  r-x4> 


(A. 5) 


V 


y 


Note  that  diag(§)Cx  =  (diag(Cx))§  and  thus  (A. 5) 
can  be  rewritten  as 


V  = 


r  -i?T 


yP  +  y(A  +  BK/P  +  yP(  A  +  BK  ) 
yKTBTP 
yPBK 


y\ 


Q  +  A-  L(  diag(  <p))C)T  Q 
\  +  Q(A-  L(  diag(  <p))C 

-<fiT( diag( Cx))T LtQx  -xTQL( diag( Cx))(/> 


(A.  6) 


+tTr-'(t>-i>)+(i>-i>)Tr-'t 

Note  that  we  replace  -<j /  (diag(Cx))T  Lr Qx  by 
-  (|> 7  ( diag  ( Cx)) 1  P  Qx  since  x(t)^  x(t)  and  then 
x{t)  ->  0 .  Therefore,  we  may  have 


r  ~\7 

X 

y(  A  +  BK  f  P  +  yP(  A  +  BK  ) 

X 

yKTBTP 

yPBK 

r-  -| 

A- L( diag( ()>))C)TQ  ' 

X 

pQ( A- L( diag ( (j> ))C y  _ 

X 

- <f) T ( diag( Cx )/ Lt Qx  -  xT QL( diag( Cx ))<j) 

+tTr^(i-i,)+(i-i>)Tr-l4i 


(A.7) 


To  maintain  stability  we  require 


y(A  +  BK/P  +  yP(  A  +  BK) 
yKTBTP 

yPBK  1 

(A-L(diag(</>))CfQ  <0 
+  Q(A-L(  diag(  </>))C) 


and 
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-<j)T  ( diag( Cx )/ L1 Qx  - xtQL( diag( Cx ))(/> 

,  .  ~  (A.  9) 

+ fr-l( </>-<!>) +(</>- <j>)T r-l<i>  <o 

It  is  proved  in  [3]  that  (A.l)  is  equivalent  to 

j  (A  +  BK)r  P  +  P(A  +  BK)  <  0 

\{A- L(diag(}f))C)T  Q+  Q(A-  L(diag(s\?))C)  <  0  (A'I0) 

[3]  proves  that  (A. 9)  can  also  be  guaranteed  by 


previous  proof  in  Appendix  A.  Let  positive  definite 
quadratic  function  be 

V  =  xT(yP)x  +  xJQP  +  sTHs  +  XtT-% 

where  H,  Q,  and  P  are  positive  definite  symmetric 
matrices,  y  eR  and  y  >  0.  The  upper  bound  of  total 
increments  of  V  for  jump  instance  is  shown  in  [3]. 
Thus  the  derivative  of  V  is  given 


i(0 


r  (diag(Cx))T  LtQx  V<j>(f)eZ) 

[- TWif{t)  +  T(diag(Cx))T LtQx  V(j>(7)  e  D 


(A.l  1) 


where 


D  = 


6(0 


and  D  =  \  6(0 


where  the  v  is  number  of  sensors,  kv  and  -<jv  are  the 
maximum  eigenvalues  of  WTS~1W>  0  and 
-W  -WT  +  S  <0  ,  respectively,  for  some  positive 
definite  symmetric  matrices  W  and  S. 

Appendix  B 

Proof. 

Consider  the  system  (9)  with  the  controller  uc(t)  =  Kx 
and  define  error  as  x  -  x-x  .We  have 

x(t  )  =  Ax  +  B(  diagtg  ))uc 

=  (A  +  B(diag(i  ))K)x  (B  • 1 ) 

+  B(diag( d ))Kx  -  B(diag(g  ))uc 

We  construct  a  pre-filter  ej{t)  and  G  satisfying 

ef  ={A-LC)ef  +G{Cx-y)  (B.2) 

The  derivative  of  x  can  be  computed 

x  =  (A-  LC)x  +  B(diag(lg))u  c  (B.3) 


Define  s  =  x  -  e,  then 

k-x-ef  -  (A- LC)s  +  B(diag(^))uc  - GCx  (B.4) 

Note  that  the  construction  of  e/is  obvious  since  2,(0 
in  (B.3)  is  not  known  and  thus  ef  may  be  used  for 
approaching  5c(0  asymptotically.  Now  the  idea  of 
proof  of  stability  is  similar  to  what  we  had  for  the 


f x  ( yP )x  +  x1 (  yP )x  +  xT (yP )x  ' 
+  xTQx  +xTQx  +xTQx 
+  £tHs  +  £tHs  +  £tHs 


Substituting  (B.  1),  (B.3),  and  (B.4)  into  (B.5),  we  have 


V  = 


\yp  +  (A  +  B(diag(i))K)T(yPj}x 
X  l+(rP)(A  +  B(diag(£))K) 

+  xTKT(diag(i))T  BT(yP  )x 
+  xT(yP)B(diag(i))Kx 
+  xt(q  +  (A  -LC/Q  +  Q(A  -  LC)]x 
+  st(h  +  ( A- LC/H  +  H( A  - LC))s 


-xtCtGtHs-stHGCx 


-  y£,  T ( diag(uc)f  BT Px  -  yxT PB(diag( uc))g 
+  gT(diag(  uc))T  BTQx  +xT  QB(  diag(uc))% 
+  gT(diag(  uc))T  BtHs  +  eT HB(diag(uc))% 

y+ZTr-'g+iTr-lt 


(B-6) 


It  can  be  shown  that  [3] 


-%T ( diag( uc))T BtPx-xtPB( diag( uc))%  ' 
+  <gT  ( diag(  uc))T  BTQx  +xTQB(  diag(  uc ) )g 
+  ^ 7  (  diag(  uc))tBtH£  +  £THB(  diag(  uc))g 

f  \ 

V(  diag(uc)f  BTQef+eTfQB(  diag(uc))£; 


< 


+  aucuc  +  -£T(H  +  Q  )BBt(H  +  Q)£ 


+  bucuc  +  '—  xT  PBBr  Px 
V  b  ) 


Given 


uc  =  Kx  =  K(x  +  x) , 


we  therefore  have  auTcuc  =  a(x  +  x)T KT K{x  +  x) .  Thus, 
(B.6)  becomes 
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X 

T 

X 

i;T  ( diag(uc )/  BTQef 

V  < 

X 

z 

X 

+ 

+  eTfQB(diag(uc)j% 

£ 

£ 

where 

27  = 


^ a  Z12 


y  E 

V^21  ^ 22 


y  -  y1 

,  Z/21  — 


*n=r 


P  +  (A  +  B(diag(%  ))K  /  P 

-j^T  j 


7 


+  P(A  +  B(diag(%  ))K  )  +  cK1K  +  ^PBB1  P 

v  b  j 


*1 2  = 


(i PB(diag(i ))K  +  cKrK )  0 


^2  = 


7 


fQ  +  (A-LC)TQ ^ 
+  Q(  A-LC  ) 

+  cKtK 


-HGC 


-  (HGC)1 

r  \ 

H  +  ( A-  LC  )T  H 
+  H(  A-LC  ) 

+  -(H  +  Q)BBt(H  +  Q) 

V  a  y 


and  c  =  a+  b  and  c-yc.  Moreover,  it  is  sufficient  to 
require 

E  <0 


(B-7) 


and 


V(  diag(  uc)f  BTQef+erfQB(  diag(  uj) | 

+|rr-'|+|rr-1| 


<o 


(B.8) 


By  applying  the  Schur  complement  [1],  (B.7)  can  be 
equivalent  written  as 


Q  <0 

where 

Q= 

Q+(  A-LC )tQ+Q(  A-LC)' 
+cKTK  +  yF 


(B-9) 


-ctgth 


-HGC 


P  +  (A  +  B(diag(i  ))K)TP 
+  P(A  +  B(diag(i))K) 


+  cKtK+^PBBtP 


b 


<0 


(B-10) 


where 


\-i 


F- 


r PB(diag&))K' 
+cKtK 


(A  +  B(diag(c))K)r  P 
+  P(A  +  B(diag(i))K) 

+  cKtK  +  —  PBBr  P  +  P 


f PB(diag(i))K^ 
k+cKtK  j 


Note  that  (B.9)  can  be  shown  to  be  equivalent  to 
Q  +  (A  -  LC?  Q  +  Q(A  -  LC)  +  cKT  K  +  yF  <  0  (B.  11) 

H  +  (A-LC)tH +H(A-LC)  +  -(H  +  Q)BBt(H  +  Q)<  0  (B.12) 

Proof.  By  the  Schur  complement  (B.9)  can  be 
equivalent  written  as 


frQ+(A-LC)TQ+Q(A-Lc7 
+cKT  K  +  yF 


H+(A-LC/H+H(A-LC) 

-CtGtH 

+-(H+Q)BBt(H+Q) 

V  a 


HGC<  0 


(B.13) 


<o 


and 


H+(A-LC/H+H(A-LC) 

+-(H+Q)BBt(H+Q) 

V  a 


<0 


(B-14) 


Sufficient  condition  (=>):  This  direction  is  readily 
proved. 

Necessary  condition  (<=):  Given  (B.13)  and  (B.14), 
there  always  exists  a  scalar  p  >  0  and  G  -  pG  such 
that 

p2a-p>0  (B.15) 

where  p  =  eigm.J Q  +  (A-LC)T  Q  +  Q(A- LC)  +  cKr K  +  yF ] 


' H+(A-LCf  H+H(A-LC)' 

'  H  +  (A-LC)t  H  +  H(A-LC) 

-1 

+-(H+Q)BBt(H+Q) 

V  a  )_ 

a  =  «'gmin 

ctgth 

+  -(H  +  Q)BBt(H+Q) 

K  a  J 

HGC 

and 


Hence  from  (B.10),  (B.ll),  and  (B.12)  we  conclude 
that  (B.7)  is  equivalent  to  the  following  three  matrix 
inequalities: 
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f 


\ 


P  +  (A  +  B(diag(i  ))K  )TP 
+  P(A  +  B(diag(i))K) 

+  cKr  K  +  —  PBBr  P 

b  ) 


<0 


(B.16) 


Q+(A-LC)TQ  +  Q(A-LC)  +  cKTK  +  yF<  0  (B.17) 


/H  +  (A-LC)tH  +  H(A-LC)' 

+  -(H  +  Q)BBt(H  +  Q) 

V  a  7 


(B.18) 


[3]  proves  that  (B.8)  can  be  implied  by 


4(0  = 


-T (diag(uc))TBTQef  V^t)eD  ^ 

rw£,(t)-r(diag(uc))TBTQef  V^(t)eD 
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where 


D=\m 


m 


T.rn 


cr,. 


D=\m 


>  Km  | 
J 


where  the  m  is  number  of  actuators.  Xm  and  -Cm  are  the 
maximum  eigenvalues  of  W1  S~lW  >  0  and 
-W -WT  +  S <0  ,  respectively,  for  some  positive 
definite  symmetric  matrices  W  and  S. 
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